RIGIDITY OF CR-IMMERSIONS INTO SPHERES 

PETER EBENFELT, XIAOJUN HUANG, AND DMITRI ZAITSEV 

Abstract. We consider local CR-immersions of a strictly pseudoconvex real hypersur- 
face M C C™ +1 , near a point p <E M, into the unit sphere S C C n+d+1 with d > 0. Our 
main result is that if there is such an immersion /: (M,p) —> § and d < n/2, then / is 
rigid in the sense that any other immersion of (M,p) into § is of the form cf> o /, where 
<j> is a biholomorphic automorphism of the unit ball B C <C n+d+1 . As an application 
of this result, we show that an isolated singularity of an irreducible analytic variety of 
codimension d in C n+d+1 is uniquely determined up to affine linear transformations by 
the local CR geometry at a point of its Milnor link. 



1. Introduction 

Let X be a complex- analytic (n + l)-dimensional (not necessarily closed) irreducible 
variety in <C n+d+1 and S e a real hypersphere of radius e > such that the open ball M £ 
(whose boundary is S e ) as well as S> £ intersect X; for convenience, we shall assume that 
the ball M £ is centered at 0. The intersection K £ := X fl S e is then a real-analytic variety 
(whose set of regular points is a real hypersurface) in X. Let us denote by M £ C K £ the 
relatively open subset of points where X is nonsingular and meets the sphere transversally. 
For instance, if X has an isolated singularity at G X, then, for sufficiently small generic 
e > 0, M £ is all of K £ ; in this case, M £ is sometimes called the link of the singularity 
(X, 0). In what follows, we shall refer to M £ as the S e -link (or simply the link) of the 
variety X, even though we do not necessarily assume that e is small or that X has an 
isolated singularity at (or even that the central point is on X). 

If X' is another variety of dimension n + 1 in <C n+d+1 and M' e is the link of X', and if 
there is a biholomorphic automorphism of the ball M £ which sends the variety X to X', 
then clearly the links M £ and M' £ are CR-equivalent sub manifolds of § £ ; we should point 
out here that the automorphisms of the ball M £ are linear fractional transformations of 
C n+d+1 , which yield, by restriction, all the CR automorphisms of the sphere S E . One may 
ask the converse: 
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(Q) Does the local CR-structure of the manifold M £ determine the variety X uniquely (up 
to biholomorphic automorphisms ofM s )? 

That is, if X' is another irreducible analytic variety of the same dimension such that 
the § e -link of X' is locally CR-equivalent to that of X, must then the varieties X and X' 
be equivalent by a biholomorphic automorphism of the ball B e ? The answer is in general 
"no" as can be seen by the following well known example. 

Example 1.1. Consider the so-called Whitney embedding W : C™ +1 — > C 2n+1 , 
(1.1) W(z u ... 

which is two-to-one and hence the image is an irreducible analytic variety X C C 2n+1 (of 
codimension d = n). The variety X is singular along the the complex line z\ = ■ ■ ■ = z n = 
W\ — . . . — w n — 0, where (zi, . . . ,z n , W\, . . . , w n+ i) denote the coordinates in C 2n+1 . It is 
well known and easy to check that W maps the unit sphere in C n+1 into the unit sphere 
in C 2n+1 . Consequently, the link Mi of X is locally spherical (i.e. locally CR-equivalent to 
the sphere), and hence locally equivalent to M[, where M[ is the intersection of the unit 
sphere with (n + l)-plane X' — {(zi, . . . , z n , Wi, . . . , w n+ i) : z\ — . . . — z n — 0}. However, 
the singular variety X is clearly not biholomorphically equivalent (in any neighborhood 
of 0) to the nonsingular variety X'. 



On the other hand, it follows from the work of Webster [ W79 |, Faran [ Ka86|| , Cima 



Suffridge [ pS83|| that if the link of X is locally spherical and if the codimension d is strictly 
less than n (to exclude the situation in Example |0| above) then X must be an (n + 1)- 
plane. This answers in the affirmative the question (Q) above in this special case. See 
also the work of Cima- Suffridge ||CS90| | , Forstneric | ]1'89| | , and the second author |Hu99j j 



in some other related directions. 

In this paper, we shall consider the general form of the question (Q). We shall prove 
that if the codimension of the variety X in <C n+d+1 is less than half its dimension minus 
one, then the answer to (Q) is affirmative. More generally, we consider the situation where 
M £ = M is a smooth (meaning here always C°°) abstract CR-manifold of hypersurface 
type (a CR-hyper surf ace) and prove the following: 

Theorem 1.2. Let M be a connected smooth CR-hyper surf ace of dimension 2n + 1. // 
d < n/2, then any smooth CR-immersion f of M into the unit sphere S in <C n+d+1 is 
rigid. That is, any other smooth CR-immersion f: M — > S is related to f by f = <p o / ; 
where <fi is a CR- automorphism ofE>. 



In the case d = 1, the conclusion in Theorem 1.2 follows from the work of Webster 



W79 



Theorem [L2| can be directly applied to study the question (Q) above. Let us first 
consider the case where X has an isolated singularity at G X and no other singularity 
of X is inside the ball B £ . If X' is another such variety and if their links M £ , M' £ are 
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locally CR equivalent at p G M £ and p' G M' £ , then in view of Theorem |1.2| (the unit 
sphere in that theorem can of course be replaced by a sphere of any radius) there is a 
biholomorphic automorphism of B £ (extending as a birational transformation of the 
whole space <C n+d+1 ) which sends an open piece of M £ to an open piece of M' e . If we, in 
addition, assume that X R B e and X' n B e are connected, then we conclude that sends 
XnB £ to X' n 1 £ . Since the only singularities of X and X' inside B £ are at 0, <fi must 
also send to 0. By also using the fact that the only biholomorphic automorphisms of 
the ball B e which fix the origin are unitary linear transformation of C n+d+1 , we obtain 
the following: 

Corollary 1.3. Let X,X' C C n+d+1 be irreducible complex analytic varieties of codimen- 
sion d through 0. Let M £ , M' e denote their manifolds of regular intersection with a sphere 
§ e of radius e > centered at G C n+d+1 . Assume that both X and X' have isolated 
singularities at 0, no other singular points in M £ , and X fl B e , X' n B £ are connected. If 
d < n/2 and M £ and M' e are locally CR-equivalent at some points q G M £ and q' G M' e , 
then there exists a unitary linear transformation which maps X fl B e to X' fl B^. . 

We can also consider the general case where X and X' are not assumed to have isolated 
singularities (and is not necessarily a point on X fl X'). A similar argument to the one 
above yields the following result: 

Corollary 1.4. Let X,X' C C n+d+1 be irreducible complex analytic varieties of codimen- 
sion d and let M £ , M' £ denote their manifolds of regular intersection with a sphere S e of 
radius e > centered at G C™ +a!+1 . If d < n/2 and M £ and M' £ are locally CR-equivalent 
at some points q G M £ and q' G M' e , then there exists a biholomorphic automorphism of 
the ball B £ whose birational extension to C n+d+1 sends (X,q) to (X',q') (and X into a 
subvariety containing X' as an open subset) . 

In a different direction, we also obtain the following result as a direct consequence of 



Theorem |1.2| ; the simple argument needed to derive it from Theorem [L2| is left to the 
reader. 

Corollary 1.5. Let D be a connected relatively compact open subset of a complex manifold 
and assume that D has a smooth strictly pseudoconvex boundary dD. Assume that there 
is a proper embedding of D into the unit ball Bi C C n+d+1 , with d < n/2, which extends 
smoothly to the boundary dD. If g is a local CR-diffeomorphism sending a relatively open 
piece of dD into dD, then g extends as a biholomorphic automorphism of D. 



Theorem \1.2\ above will follow from the more general Theorem |2.1| below, where a 
higher codimension d is allowed provided that M £ is suitably degenerate. As a corollary, 
we recover the result about [n + l)-planes mentioned above. 

The proof of Theorem [2.1| will be completed in It decomposes naturally into two 
parts. The first part consists of showing that if the mapping is degenerate (in a certain 
sense to be defined in the next section), then the image f(M) is in fact contained in 
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the intersection of the sphere with a lower dimensional complex plane (see Theorem |2.2|) . 
Using this fact, we reduce the proof to the case where / is finitely nondegenerate (see §0). 
The reader is referred to §0 for the statements of mentioned results and a more detailed 



outline of the proof of Theorem 2.1 



2. Further results 



Let M be CR-hypersurface of dimension 2n + 1 and denote by V = T 0,1 M C CTM 
its CR-bundle; the reader is referred e.g. to [ |BER99| | for basic notions and facts about 



CR-manifolds (see also Recall that a mapping / = (f\, . . . , /*.) : M —>■ C fc is called 
CR if /*(V P ) C Tj^C k for every p G M. This is equivalent to saying that Lfj = for 
every j — 1, . . . k and every (0, 1) vector field L (i.e. a section in V). 



An important step in proving Theorem 1.2 will be to classify possible CR-immersions 



according to their degeneracy. Let M C C n+1 be a real hypersurface (and hence also a 
CR-manifold) and /: M — > C n+1 be a CR mapping sending M into M. We shall refer 
to d = n — n as the codimension of the mapping /; thus, M is a real hypersurface in 
C n+d+1 . Let p be a point in M and p a local defining function for M near p := f(p) G M. 
Following Lamel ||L01a|| , define an increasing sequence of subspaces Ekip) of the space 



TpC n+d+1 of (1, 0) covectors as follows. Let Lj, . . . , L n be a basis of (0, 1) vector fields on 
M near p and define 

(2.1) £ A (p) := span c {^ J (pz' ° /)(p) : J G (Z + )",0 < |J| < k} C T^C" +d+1 , 

where p^/ = 9p is represented by vectors in <C n+d+1 in some local coordinate system Z' near 
p; we use here standard multi-index notation L J := L^ 1 . . . L^ n and \J\:—Ji + ... + J n . 
One can show (cf. RL01a|| ) that Ekip) is independent of the choice of local defining function 
p and coordinates Z\ as well as of the choice of basis of the CR vector fields L\, . . . , L n . We 
shall say, again following Lamel |[L01a| , |L01b|| that /: (M,p) — > M is (ko, Sq) -degenerate 



at p if so is the minimum of the decreasing sequence of codimensions of Ekip) in C n+d+l , 
i.e. 

(2.2) So = s(p) := mincodim Edp) 

k 

and k = ko is the smallest integer for which this minimum is attained. If Ekip) = T~C n+d+1 
for some k, i.e. if / is (fc , 0)-degenerate at p for some k , it is said to be k -nondegenerate 
(at p) or finitely nondegenerate without specifying k . 

Let us call the degeneracy of / the minimum of s(p) as defined in ( |2.2j ) for p G M. 
We have the following result which, in view of Theorem and Proposition below, 
implies Theorem |1.2| . 



Theorem 2.1. Let f: M — > S 6e a smooth CR-immersion of a smooth connected CR- 
hypersurface M of dimension 2n + 1 into the unit sphere S in C n+d+1 and denote by s be 
the degeneracy of f . If d — s < n/2, then f is rigid among smooth CR-immersions having 
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the same degeneracy. That is, any other such CR-immersion f : M — *> § is related to f 
by f = 4> ° f , where (ft is a CR- automorphism o/S. 

It is not difficult to see from the definition that, if f(M) is contained in a complex plane 
of codimension s in C n+d+l , then the degeneracy of / is at least s. A important ingredient 



in the proof of Theorem |2J] is the following (partial) converse, which also seems to be of 
independent interest. 

Theorem 2.2. Let f: M — > S be a smooth CR-immersion of a smooth connected CR- 
hypersurface M of dimension 2n + 1 into the unit sphere § in C n+ +1 . Let s be the 
degeneracy of f . If d — s < n, then f(M) is contained in the intersection of § with 
a complex plane P C C n+d+1 of codimension s. Moreover, if f: M — > § is (ko,s)- 
nondegenerate at a point p e M, then it is k -nondegenerate there as a mapping f: M — > 

§nP. 



Another important ingredient in the proof of Theorem |1.2| will be the CR analogue of the 
classical Gauss equation which, as the reader may recall, relates the Riemannian curvature 
tensors of a manifold and its submanifold with the second fundamental form composed 
with the Riemannian metric (see e.g. [ KN69fl ). The (extrinsic) second fundamental form 
for a CR-mapping /: M — * M between real hypersurfaces M C C" +1 and M C C n+d+1 
can be defined (up to a scalar factor) by 



(2.3) n(X p ,Y p ) := Tc(XY(p 2 , o f)(p)) e T~M / E\ (p) , 

where ir: TpM — > T~M/Ei(p) is the projection and X, Y are any (1,0) vector fields on 

M extending given vectors X p , Y p G T p ,0 M. In the case where M (and hence also M) is 

strictly pseudoconvex, the Levi form of M (at p) with respect to p defines an isomorphism 

TpM / Ei(p) = TJ' M / fJTp'°M and hence the second fundamental form can be viewed as 
an C-bilinear symmetric form 

(2.4) U p : Tl'°M x T^°M -> T~'° M / f*T p '° M 

that does not depend anymore on the choice of p. In §|| (see equation ( fOD ), we shall show 
that II is indeed the second fundamental form (in the classical sense) of / with respect 
to Webster's pseudohermitian connection induced by the CR-structure (and a choice of 
contact form). We shall say that the second fundamental form of / is nondegenerate atp if 
its values span the target space. This is easily seen to be equivalent to E 2 (p) = T~C n+d+1 
or, in the notation above, to / being 2-nondegenerate at p. 

The CR analogue of the Weyl curvature tensor in Riemannian geometry is given by the 
tangential pseudoconformal curvature tensor 

S: T*>°M x T*'°M x Tl'°M x T p lfi M -> CT P M/(T^'°M © T^M) 

defined by Chern and Moser ||CM74|| for every Levi-nondegenerate CR-hypersurface M 



(in fact, it is defined there as a tensor on a principal bundle over M which can be pulled 
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back to M as will be explained in §[|, see also |W79|| ). The role of the Riemannian metric 



itself is played by the Levi form which can be invariantly seen as a Hermitian bilinear 
map 

L: T p lfi M x T^M -> CT p M/(T*'°M © T^M). 

In the following we identify the quotient T~'°M / f*T p 1,0 M with the orthogonal complement 

of f*T p >°M in T~'°M with respect to the Levi form of M. We shall also use the notation 

/* for the mapping CT P M/(T^°M © T^M) -> CTpM/(Tb M © T^M) induced by 

/* : CTpM — > CTpM. The CR analogue of the Gauss identity mentioned above can be 
now stated as follows. 

Theorem 2.3. Let f : M —> M be a smooth CR-immersion of a smooth connected GR- 
hypersurface M into a strongly pseudoconvex CR-hyper surf ace M . Denote by II the second 
fundamental form of f , by L and S the Levi form and the tangential pseudoconformal 
curvature tensor for M and by L and S the corresponding tensors for M . Then there 
exists a Hermitian form H : T p '°M x T p 1,0 M — > C such that the identity 

(2.5) S{f m V, f*V, f.V, f*V) - f.S{V, V, V, V) = L(U(V, V), U(V, V)) 

+ f.L(V,V) H{V,V) 

holds for every V G T p '°M. 

The reader is referred to for more details on this Gauss equation and to Proposi- 
tion [T2] from which it immediately follows. Here we only briefly mention that the term 
involving H on the right hand side (which will be called conformally equivalent to 0, cf. 
^Q) can be expressed from (|2.5| ) in terms of S, L, L and II and hence ( |2.5| ) can be given 
a more explicit form (see ( |5.8|) ). 

We conclude this section by giving an outline of the paper and proofs of Theorems ET2| 



and 2.1. In §H we recall the construction of the pseudohermitian connection defined by 



Webster [|W78|| on a given strongly pseudoconvex CR-hypersurface with a fixed contact 



form and show the relation to the pseudoconformal connection defined by Chern and 
Moser | pM74[| in terms of the forms ( |3.11| ). In §f| we show the existence of coframes 
suitably adapted to a pair (M, M) of strongly pseudoconvex CR-hypersurfaces, where M 
is a submanifold of M. It is further shown the relation of the pseudohermitian connection 
with respect to such a coframe with the second fundamental form as defined above. §[5] 
is devoted to the proof of pseudohermitian and pseudoconformal analogues of the Gauss 
equation (Propositions |5.1| and |5.2| from which Theorem |2l| follows). As one of the main 
consequences (see Corollary |5.5| (ii)) we obtain the following, which seems interesting in 
its own right: 

Under the assumptions of Theorem \L.2\ , the second fundamental form U at a point 
p G M is uniquely determined, up to a unitary transformation of the target space, by the 
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tangential pseudoconformal curvature tensor S of M at p (and, hence, does not depend 
on /). 

We also show (see Corollary p3|(i)) that if d < n and M is the sphere, then the second 



fundamental form of f vanishes identically. Combining the latter result with Theorem 2A_ 
above (s = d in this case), we recover the result of Faran et al mentioned above, that any 
CR- immersion of the sphere in C ra+1 into the sphere in C n+d+1 , with d < n, is equivalent 
(after composing to the left and right with automorphisms of the spheres) to the linear 
embedding. 

In we express the forms defining the pseudoconformal connection of M pulled back 
to M in terms of the corresponding forms for M and the second fundamental form II 
of / under the additional assumption that II is nondegenerate. If it is not, higher order 
covariant derivatives of II are needed; this is dealt with in §[7|. We begin the latter section 
by showing how covariant derivatives of II can be used to determine the spaces Ek defined 
in fl2.1|) (see Proposition |7.1|) . We then prove (Theorem |7.2|) that, if / is ko- nondegenerate, 
then the pseudoconformal connection of M pulled back to M is uniquely determined by the 
covariant derivatives of II up to order ko — 1. The second main result in §|7] (Theorem |7.3| ) 
then states that equality of the latter derivatives for two immersions always holds, after 
possibly a unitary change of adapted coframes, provided that the codimension d < n/2. 
An important technical point here is to obtain a commuting relation between the covariant 
derivatives (Lemma |7.4j) . Finally, in we recall from ||CM74|| how adapted Q- frames on 



a sphere and their Maurer-Cartan forms are related to the pseudoconformal connection 
forms (see flS.5| )). We then complete the proof of Theorem [2.1| in the case s = 0, i.e. when 
/ is finitely nondegenerate at some point. In this case the results of §|7| yield that the 
covariant derivatives of II and hence the pulled back pseudoconformal connection does 



not depend on /. From ( |8.5| ) we further conclude that also Maurer-Cartan forms for 



associated adapted Q-frames do not depend on / and the proof is completed as in [|W79|| 



by general ODE arguments. §|] is mainly devoted to the proof of Theorem [2.2| which is 
obtained as a consequence of the fact that the span of certain vectors in a suitable adapted 
Q-frame is independent of the reference point. Theorem |2.2| is then used to complete the 



proof of Theorem |2.1| by reducing the general case to the case s = treated in §[5]. 

3. Preliminaries 

Let M be a strictly pseudoconvex CR-manifold (which in this paper will always be 
understood to be of hypersurface type) of dimension 2n + 1. We shall write 

T C M := TM fl iTM C TM, V = T 0,1 M := {X + iJX : X G T C M} C CTM := TM®C 

for its maximal complex tangent bundle and CR-bundle respectively which are both com- 
plex rank n bundles. Here J: T C M — > T C M is the complex structure. We also consider 
the cotangent bundles 

(3.1) T°M := (V © V) ± , T'M := V ± . 
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Thus, T°M and T'M are rank one and rank n + 1 subbundles of CT*M respectively with 
T° C T'M. The bundle T'M is called the holomorphic or (1,0) cotangent bundle of M. 
As usual, a section of A P (T'M) is called a (p, 0)-form on M. A real nonvanishing section 
9 of T°M is called a contact form. A choice of a contact form defines uniquely a real 
vector field T, the characteristic (or Z?ee&) vector field of 9 (cf. e.g. [ |Ho98|| ), by 

(3.2) Tjd9 = 0, (0,T) = 1, 

where j denotes contraction (or interior multiplication). Indeed, since d6 is a degenerate 
2-form on TM but nondegenerate on the real hyperplanes defined by 9 = in TM, one 
can always find T satisfying ( |3.2| ) in the kernel of d9. 

We will follow the notation of ||CM74|| and |[W78|| , in particular, we use the summation 



convention and small Greek indices will always run over the set {1, . . . , n}. A typical tensor 
will be written as S a ^^p, where an index without (resp. with) conjugation indicates C- 
linear (resp. C-antilinear) dependence in the corresponding argument. Here such a tensor 
Sa 13 nv can be considered as an IR-multilinear complex-valued function on V x V* x V x V. 
The tensors will not be necessarily symmetric in their indices and hence the order of the 
indices will be important and will be explicitly indicated. Simultaneous conjugation of 
all indices corresponds to conjugation of the tensor: S & ^p,u = SaPpa- On the other hand, 
there is no a priori relation e.g. between SoP and Sa 13 ^. The Levi form matrix (g a g) 
of M (relative to a given contact form) and its inverse (g af3 ) will be used to raise and 
lower indices (without changing their order): S a p^ 9 = g^pSa 1 ^. More generally, the same 
notation will be used for indexed functions on M that may not necessarily transform as 
tensors, e.g. for connection matrices etc. 

If we choose a basis L a , a = 1, . . . , n, of (1, 0) vector fields (i.e. sections of T 1,0 M = V), 
so that (T, L a ,La) is a frame for CTM, then the first equation in (|3.2|) is equivalent to 

(3.3) d9 = ig a0 9 a A 

(g a p) is the (Hermitian) Levi form matrix as above and (9, 9 a , 9 a ) is the coframe (i.e. 
a collection of linearly independent 1-forms spanning CT*M) dual to (T, L a , L a ) (for 
brevity, we shall say that (9,9 a ) is the coframe dual to (T,L a )). Note that 9 and T are 
real whereas 9 a and L a always have nontrivial real and imaginary parts. 

Following Webster ||W78| , we call a coframe (9, 9 a ) (and its dual frame (T, L a )), where 



9 is a contact form, admissible if ( |3.3|) holds or, equivalently, if T is characteristic for 9 in 
the sense of ( |3.2|) . Observe that (by the uniqueness of the Reeb vector field) for a given 
contact form 9 on M, the admissible coframes are determined up to transformations 

(3.4) 9 a = up a 9\ (u^) G GL(C n ). 

Every choice of a contact form 9 on M is called pseudohermitian structure and defines a 
Hermitian metric on V (and on V) via the (positive-definite) Levi form. For every such 
9, Tanaka |[T75|| and Webster |[W78|| defined a pseudohermitian connection V on V (and 
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also on CTM) which is expressed relative to an admissible coframe (9, 9 a ) by 



(3.5) 



P 



J 0- 



where the 1-forms ioJ 3 on M are uniquely determined by the conditions 

, d9 f3 = 9 a AuJ mod0 A s , 

( 3 - 6 ) A - _L 

The first condition in (|3.6|) can be rewritten as 



(3.7) 



9 a A uoj 3 + 9 A = A p p e v , A af3 = A 130 



for suitable uniquely determined torsion matrix (A 13 a), where the last symmetry relation 
holds automatically (see ||W78|| ). (More precisely, the forms loJ 3 and t 13 are first defined 
VV78|| on the principal bundle P of all admissible coframes (6, 9 a ) on M with fixed 9 



m 



and are then pulled back to M via a section of P corresponding to a choice of such a 
coframe.) 

The curvature of the pseudohermitian connection is given, in view of | ]W 751 (1.27), 
(1.41)], by 



(3.8) dijjj 3 — OJa A LU^ 



Rj^o* a e D + wj^ a e - w p a9 e D a^ + ca^ - ir a a . 



where the functions R a and W^j, represent the pseudohermitian curvature of (M,0). 
It has been noticed by Lee |[Le88|| that the components Wj 3 ^ can be in fact obtained as 
covariant derivatives of the torsion matrix A 13 & in ( |3.7|) . Here we denote the covariant 
differentiation operator with respect to the pseudohermitian connection V also by V and 
its components by indices preceded by a semicolumn, where the index is used to denote 
the covariant derivative with respect to T; thus, e.g. 

(3.9) VA P S = dA p - a + A^lo/ - A^pUa 9 = A^. 9 + A^, V 9 V + A^, V 9 V . 
In this notation the above mentioned relation reads ||Le88| , (2.4)]: 

(3.10) W a \ = A n J, W P „ B = A 13 , 



We shall also need the Chern-Moser coframe bundle Y over M. Recall [PM74| , §4] that 
Y is the bundle of the coframes (u, u a , u a , 0) on the real line bundle tte '■ E — > M (of all 
contact forms) satisfying dw = ig a pU a A u 13 + u A 0, where ui a is in ir E (T'M) and u is 
the canonical form on E given by uj(9)(X) := 9((tte)*X) for 9 G E, X G TgE. Similarly, 
canonical forms u , u a , u a , <ft are defined on Y (here the same letters are used as for the 
coframe by a slight abuse of notation). Chern and Moser ||CM74|| showed that these forms 
can be completed to a natural parallelism on Y given by the coframe of 1-forms 



(3.11) 



,V0 
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defining the pseudoconformal connection on Y and satisfying the structure equations (see 
CM74]| and its appendix) 



(3.12) 



4> a p~ + <Ppa = 9 a p<P, 

du = ioj^ Aujfu + ui A 0, 

du a =w"A^ a + uA a , 

d(j) = iuj D A P + i(f) p A uf + lu A ip, 



A 0/ + iu^ A <f) a - ifo Au a - iSffa A ^ 



5n a 



d(t) a = A 0° + ^ A 0/ - -if; A u a + $ a , 
dip = (ft Aip + 2i4>>* A 0^ + 
where the curvature 2-forms $ a , ^ can be decomposed as 

3a V" A ^ + V/ Aw + V%u; A w 1 



(3.13) 



$ Q - 
* = 



V a ^w" A c/ + P^w" A + Q p a c/ A w, 
-2iP^ A u u + P m cj m A + i2 p a/ A w, 



where the functions Sp 01 ^, Vp a fj,, P/j, a , Qu a , R^ together represent the pseudoconformal 
curvature of M (the indices of Sp a ^p here are interchanged comparing to ||CM74j| to make 
them consistent with indices of Rp a ^p m (|3.S| )). As in ||CM74j| we restrict our attention here 
to coframes (9, 9 a ) for which the Levi form (g a p) is constant. The 1-forms a , 0°, <frp a , ip 
are uniquely determined by requiring the coefficients in ( 3.13Q to satisfy certain symmetry 
and trace conditions (see ||CM74|| and the appendix), e.g. 



s„ 



s„ 



Sr, 



q m - 

D fJ. aP 



V M 

'a fi 



p f* 



0. 



(3.14) 

Let us fix a contact form 9 that defines a section M E. Then any admissible coframe 
(9, 9 a ) for T'M defines a unique section M — > Y for which the pullbacks of (u, u a ) coincide 
with (9, 9 a ) and the pullback of vanishes. As in [|W78| , we use this section to pull back 
the forms (glTD to M. We shall use the same notation for the pulled back forms on M 
(that now depend on the choice of the admissible coframe). With this convention, we 
have 



(3.15) 



9 



e a 



UJ 







on M. Now, in view of ||W78| , (3.8)], the pulled back tangential pseudoconformal curvature 
tensor SJ 3 can be obtained from the tangential pseudohermitian curvature tensor R a ^ 
in dp) by 



(3.16) S, 



aPfiv 



R. 



aPfiv 



Rap9fJ.u + R^pdau + RauQ^p + RfiuQaP R{9 a p9fJ.D + Qaudup) 



n + 2 



(n + l)(n + 2) 
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R 



a/3 



R^aS and R :- 



where 
(3.17) 

are respectively the pseudohermitian Ricci and scalar curvature of (M, 6). Formula (|3.16| ) 
expresses the fact that S a ^^p is the "traceless component" of R a p^p with respect to the 
natural decomposition of the space of all tensors T a a with the symmetry condition as 
for S a ^p in (|3.14j) into the direct sum of the subspace of such tensors of trace zero (i.e. 
T^ a p = 0) and the subspace of "multiples of the Levi form", i.e. tensors of the form 



T: 



af3fii/ 



a/3) 



(3.18) 

where {H a s) is any Hermitian matrix. We shall call two tensors as above conformally 
equivalent if their difference is of the form ( 3.18 ). In this terminology, the right hand side 
of (|3.16|) (together with (|3.17f) ) gives for any tensor R a ^p (with the above symmetry rela- 
tions) its traceless component which is the unique tensor of trace zero that is conformally 
equivalent to R a p^p. 

The following result establishes relations between pseudoconformal and pseudohermi- 
tian connection forms and is alluded to in ||W78 . 



Proposition 3.1. Let M be a strictly pseudoconvex CR-manifold of hypersurface type of 
CR- dimension n, let ujp a , r a be defined by ([3.6H3.7|) with respect to an admissible coframe 
(9, 8 a ) and let (j>p a , 4> a , if) be the forms in ( |3.11| ) pulled back to M using (9, 9 a ) as above. 
Then we have the following relations: 



(3.19) 

where 



(3.20) 



u p a + Dp a 9, 



r a + D«9 il + E a 9, 



ip = iEJ" - iEp9 9 + B9 



D 



iR 



a/3 



a 3 



iRg, 



a/3 



E' 



n + 2 2(n+l)(n + 2) 
2% 



2n 



B := -{E^-. + E 1 



2A^A f¥ + 2D m Dp a ). 



Proof. The formulas for <f)^ a and D a s were proved in ||W78|| . The formula for cf) a follows 
from the third equation in ( |3.12|) and ( |3.7|) . Indeed, these two equations yield 

9 a A UoP + 9 A t p = 9 a A 0/ + 9 A 

Substituting the formula for 0^° in ( |3.19D , we obtain 

(3.21) 9 A r fS = Dj9 a A 9 + 9 A 

which implies the formula for cf) a in Q3.19Q with some E a . Similarly, the formula for if) in 
( |3.19|) with some B follows from equating the coefficients of 9 in the pulled back fourth 
equation of (|3.12|) and using ( |3.15|) (whence d(f> = on M). 
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To obtain the formula for E a in (|3.20|) , we substitute the formulas ( 3.1 9|) for 0^°, <p a , ip 
in the pulled back sixth equation of ( |3.12| ) and use (|3.3|), (|3.7|), the covariant derivative 
( |3.9| ) (and the analogue for Dp 01 ) and the formula for $ Q in ( |3.13|) : 



(3.22) VA a p A 9 V + VD p a A 9 P + ig^E a 9^ A9 P = --if) A 9 a + V a ' ^ A 9 P mod 0. 



By identifying the coefficient in front of 9^ A 9 V in ( 3.22 ) and using the formula for tp in 
( |3.19|) , we obtain 

The formula for E a in ( |3.20p is now obtained by summing over /x and z/ and using the trace 
condition V a ^ = 0. Similarly, the formula for B follows by substituting the formula for ip 
in pulled back last equation of ( |3.12|) (mod 9) and using the trace condition P u u = 0. □ 



4. SUBMANIFOLDS OF CR-MANIFOLDS; THE SECOND FUNDAMENTAL FORM 

Let M be a strictly pseudoconvex CR-manifold of dimension 2n + 1 as before and 
/: M — > M be an CR-immersion of M into another strictly pseudoconvex CR-manifold 
M of dimension 2n+ 1, with rank n CR-bundle V. Our arguments in the sequel will be of 
local nature and hence we shall assume / to be an embedding. We shall use a A to denote 
objects associated to M. Capital Latin indices A, B, etc, will run over the set {1,2,..., h} 
whereas Greek indices a, (5, etc, will run over {1,2, . . . ,n} as above. Moreover, we shall 
let small Latin indices a, b, etc, run over the complementary set {n + 1, n + 2, . . . , n}. Since 
M is strictly pseudoconvex and / an embedding, it is well known that for any contact 
form 9 on M the pullback f*(9) (which for a CR- mapping / is always a section of T°M) is 
nonvanishing and, hence, a contact form on M (In general, f*(9) may vanish, e.g. if f{M) 
is contained in a complex- analytic subvariety of M). We shall always choose the coframe 
(9, 9 A ) on M such that the pullback of (9, 9 a ) is a coframe for M and hence drop the " 
over the frames and coframes if there is no ambiguity. It will be clear from the context if 
a form is pulled back to M or not. 

We shall identify M with the submanifold f(M) of M and write M C M. Then V 
becomes a rank n subbundle of V along M. It follows that the (real) codimension of M in 
M is 2(n— n) and that there is a rank (h—n) subbundle N'M of T'M along M consisting of 
1-forms on M whose pullbacks to M (under /) vanish. We shall call N'M the holomorphic 
conormal bundle of M in M. We shall say that the pseudohermitian structure (M, 9) (or 
simply 9) is admissible for the pair (M, M) if the characteristic vector field T of 9 is 
tangent to M (and hence coincides with the characteristic vector field of the pullback of 
9). This is equivalent, as the reader can easily verify, to requiring that for any admissible 
coframe (9,9 A ) on M, where A = l,...,n, the holomorphic conormal bundle N'M is 
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spanned by suitable linear combinations of the 9 A . It is easily seen that not all contact 
forms 9 are admissible for (M, M). However, we have the following statement: 

Lemma 4.1. Let M C M be as above. Then any contact form on M can be extended 
to a contact form 9 in a neighborhood of M in M such that 9 is admissible for (M, M). 
Moreover, the 1-jet of 9 is uniquely determined on M. 

Proof. Let 9 be any fixed extension of the given contact form on M to a neighborhood of 
M in M. Any other extension is clearly of the form 9 = u9, where u is a smooth function 
on M near M with u\m = 1- Let T be the characteristic vector field of the restriction of 
9 to M. Then 9 is admissible for (M, M) if and only if Tjd9 = 0, i.e. if Tjd9 - du = 
along M. By the assumptions, the latter identity holds when pulled back to M. Now it is 
clear that there exists unique choice of du along M for which it holds also in the normal 
direction. The required function u can be now constructed in local coordinate charts and 
glued together via partition of unity. The proof is complete. □ 

By taking admissible coframes as in §|3] and using the Gram-Schmidt algorithm, we 
obtain the following corollary, where we take a little more care to distinguish between M 
and its image f{M) in M. 

Corollary 4.2. Let M and M be strictly pseudoconvex CR-manifolds of dimensions 2n+l 
and 2n + 1 respectively and f : M — ► M be a CR-embedding. If (9, 9 a ) is any admissible 
co frame on M , then in a neighborhood of any point p G f(M) in M there exists an ad- 
missible coframe (9, 9 A ) on M with f*(9, 9 a , 9 a ) = (9, 9 a , 0). In particular, 9 is admissible 
for the pair (f(M),M), i.e. the characteristic vector field T is tangent to f(M). If the 
Levi form of M with respect to (9, 9 a ) is 8 a a, then (9, 9 A ) can be chosen such that the Levi 

form of M relative to it is also S^§. With this additional property, the coframe (9,9 A ) is 
uniquely determined along M up to unitary transformations in U(n) x U(n — n). 

Let us fix an admissible coframe (9, 9 a ) on M and let (9, 9 A ) be an admissible coframe 
on M near f{M). We shall say that (§, 9 A ) is adapted to {9,9 a ) on M (or simply to M 
if the coframe on M is understood) if it satisfies the conclusion of Corollary ^72| with the 
requirement there for the Levi form. 

The fact that (9, 9 A ) (where we omit a " ) is adapted to M implies, in view of the 
construction ( |3.6D , that if the pseudohermitian connection matrix of (M,9) is Cjb A -, then 
that of (M, 9) is (the pullback of) £jp a . Similarly, the pulled back torsion matrix f a is r a . 
Hence omitting a A over these pullbacks will not cause any ambiguity and we shall do it in 
the sequel. By our normalization of the Levi form, the second equation in (|3.6| ) reduces 
to 



(4.1) 

where as before uj^b — <^a§- 



^ba + ^ab — 0, 
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The matrix of 1-forms (u a b ) pulled back to M defines the second fundamental form of 
M (or more precisely of the embedding /). It was used e.g. in ||W79| , [Ka90|| in the study 
of mapping problems. Since 9 b is on M, we deduce by using equation ( |3.7| ) that, on M, 

(4.2) u a b A 9 a + r b A 9 = 0, 
which implies that 

(4.3) u a b = u a %6^ u a b p = up h a , r b = 0. 

We now relate so defined intrinsic second fundamental form {ujj'p) with the extrinsic 
one defined in §|2| in case M is embedded as a real hypersurface in C n+1 . Given any 
admissible contact form 9 for (M, M), we can choose a defining function of M near a 
point p = p e M such that 9 = idp on M, i.e. in local coordinates Z' in C n+1 vanishing 
at p we have 

fl+l rj a 

(4-4) d = ^§rdZ' k , 

k=l ^ 

where we pull back the forms dZ[, . . . , dZ' h+1 to M. Given further a coframe (#, 9 A ) on 
M near p adapted to M and its dual frame (T, La), we have 

(4.5) L(j(f> 2 , o /) = -iLpjdO = g P cO e = gpyF. 

Recall that we are in fact assuming that the Levi form has been normalized, i.e. g A g = 5 A g, 
even though we retain the notation g A §. Conjugating (|4.5|) we see that the subspace 
E\{p) C TpC n+1 in is spanned by (9,9 a ), where we use the standard identification 

TpM = TpC n+1 . Applying L a to both sides of (|4.5|) and using the analogue of ( p.6|) for 

M and ( [4.3|) , we conclude that 

(4.6) L a L f3 (pz> o f) = g^LajdO* 1 = -uj- afja 9~ a = uj a - aP 9~ a mod 0, a , 

where we have used ( [4.1|) for the last identity. Comparing with the extrinsic definition of 



the second fundamental form (2.3) and identifying the spaces in (|2.3|) and fl2.4|) via the 
Levi form of M as explained in §§, we conclude that 

(4.7) U(L a ,L p ) =u a a pL a , 

where with have identified L a with its equivalence classe in T~'°M/Tp ,0 M. Conjugating 
Q4.6D and comparing with we see that the space E 2 = E 2 (p) is spanned (via the 
identification above) by the forms 

(4.8) 0,0°, a/*^. 

To interpret the higher order spaces Et(p) in terms of the second fundamental form, 
we shall need the covariant differentials of the second fundamental form with respect 
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to the induced pseudoconformal connection, which will be introduced in section || The 
discussion will therefore be postponed until section [| 

As a byproduct of the relation (f4.7|) we see that the bilinear map T 1,0 M x T 1,0 M — > 

Tp'°M /Tp'°M defined by (ou a a p) is independent of the choice of the adapted coframe 

(0,6 A ) in case M is locally CR-embeddable (in C n+1 ). More generally, if M is not CR- 
embeddable, one can still use approximate embeddings constructed in |KZ01|1 (or direct 
computation of the change of u a a p) to obtain the same conclusion. 

5. CR ANALOGUE OF THE GAUSS EQUATION AND APPLICATIONS 

The classical Gauss equation in Riemannian geometry relates the Riemannian curvature 
tensors of a manifold and its submanifold with the second fundamental form composed 
with the Riemannian metric (see e.g. |[KN69|| ). Our goal in this section will be to establish 
the pseudohermitian and pseudoconformal analogues of the Gauss equation and to apply 
them to obtain rigidity properties of the second fundamental form. 

As before we fix a coframe (0, 6 A ) adapted to M. We first compare pseudohermitian 
curvature tensors R^^u and Ra b cb °f {M, 0) and (M, 0) respectively. By comparing 
( |3.8| ) and the corresponding equation for Ra b cb pulled back to M and using CjJ 3 = u> a ^, 
fa _ T a anc j wj 3 ^ = Wj 3 p as a consequence of ( |3.10| ), we conclude that on M, 

(5.1) Bjp 0" A P + u a a A cu/ = Bjp 6» A P . 

By using the symmetry ( §TT ), we conclude that, on M, we have 



(5.2) R a0flP M A P — u a a A Ufa = R aHv 0» A B\ 

This can also be written, in view of fl4.3|) , after equating the coefficients of M A 9 U as 

(5-3) Rafiiiu = R-aPnu + 9ab UJ a a tM^p b 9- 



The identity (|5.3| ) relates the tangential pseudohermitian curvature tensors of M and M 
with the second fundamental form of the embedding M into M and hence can be viewed 
as pseudohermitian analogue of the Gauss equation. We state it in an invariant form 
using the previously established relation (|4.7|) between the extrinsic and intrinsic second 
fundamental forms II and (uj a a p) given respectively by (|2.3|- [2.4|) and (|4.3|) . For this, we 
view both pseudohermitian curvature tensors as R-multilinear functions 

R, R: T lfi M x T ll0 M x T 1,0 M x T 1,0 M C 

that are C-linear in the even and C-antilinear in the odd numbered arguments. We further 
identify the quotient space T l,0 M /T 1,0 M for p e M with the orthogonal complement of 
Tp'°M in Tp'°M with respect to the Levi form of M relative to 9 and then use this Levi 

form to define a canonical Hermitian scalar product (,) on Tp'°M/Tp'°M. The identity 
(|5.3|) yields now the following statement. 
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Proposition 5.1 (Pseudohermitian Gauss equation). Let M C M be as above and 9 be 
a contact form on M that is admissible for the pair (M, M). Then, for every p 6 M , the 
following holds: 

(5.4) R(X, Y, Z, V) = R(X, Y, Z, V) + (IL(X, Z), U{Y, V)), X, Y,Z,Ve T l p °M. 

We next turn to a pseudoconformal analogue of the Gauss equation. It follows imme- 
diately from ( |5.3| ) and (|5.4|) by taking traceless components of both sides as discussed in 
§0. We write [T^^p] for the traceless component of a tensor T a p^ 9 that can be computed 
by the formulas ( |3.16| - |37r7|) (with -R Q/ 5 M p replaced by T Q/ g M p). Then ( |3.16| ) can be rewritten 

as 

By taking traceless components of both sides in (|5.3|) and using (|5.5|) we now obtain 



(5-6) [Ra/3/iu] — SaPnv + \9ab u a a nUp u]- 

Note that, in contrast to (|5.5|) , the left hand side of (|5.6f) may not be, in general, equal 
to S^nv which is the (restriction of the) traceless component of Rabcd with respect to 
the indices running from 1 to h. However, we claim that [R a pnp\ = [S a j3ui>]- Indeed, 
according to the decomposition into zero trace component and a multiple of the Levi 
form (g^s) on ^ ne tensors Rabcd an d S A bcd are conformally equivalent with respect 
to the Levi form (g^s), i.e. their difference is of the form analogous to ( |3.18| ) with Greek 
indices replaced by capital Latin ones. Since the Levi form of M restricts to that of M, 
the restrictions R a ^ p and S a p„ D are conformally equivalent with respect to (g a p) and the 
claim follows. Hence ( |5.6| ) immediately yields the desired relation between the tangential 
pseudoconformal curvature tensors of M and M and the second fundamental form: 

(5-7) [S a j3^p] = S a p^ D + [g a i io a ^ ujp h v ] , 

or, using formulas ( |3.16H3~i7|) for the traceless part, 

q - q - , ^7 7 a/3 9tiv + <S l 7 7 At /3 9ap + Sj 1 ' gp g^ + 5' 7 7 At p g a p 

S 5 (g a 09fj,u + 9av9^) _ a I 

H 7 -TT7 9ab^a v 

(n + l)(n + 2) 

u; 7 a a w 7 a/ 3 g^p + cu 7 a/ g g a9 + w 7 a a a; 7 a p g^ + u; 7 a M a; 7 aP g a p 

n + 2 

^a 5 {9ap9^u + 9au9^) 

(n + l)(n + 2) 

When h = n + 1 and M is a sphere (so that S a p„ D = 0), the identity ( |5.8|) reduces to 
that obtained by Webster |W79| , (2.14)]. As for the pseudohermitian curvature, we also 



(5.* 
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view the pseudoconformal curvature tensors (as well as their zero trace components) as 
K-multilinear functions 

S,S: T ll0 M x T ll0 M x T 1,0 M x T 1,0 M -> C 

but now they are independent of 9. Then, with the above notation, ( |5.7| ) yields the 
following statement. 

Proposition 5.2 (Pseudoconformal Gauss equation). For M C M as above and every 
p G M , the following holds: 

(5.9) [S(X, Y, Z, V)] = S(X, Y, Z, V) + [(U(X, Z), U(Y, V))} , X, Y, Z, V G T^M. 

In the rest of this section we apply the Gauss equations (|5T7 H5.9|) to the case when 
M is the sphere and hence S A bcd = 0. Based on a lemma due to the second author 
Hu99|1 , we show that the second fundamental form in this case is uniquely determined 
up to unitary transformations by the tangential pseudoconformal curvature S a p^ p under 
suitable restrictions on the dimensions n and n. We begin with an algebraic lemma. 

Lemma 5.3. Let EE: C n x C n —>■ C n ~ n be a C-bilinear map and (-, ■) an Hermitian scalar 
product on C n ~ n . Denote by S := [(n(-, •), II(-, •))] the traceless component with respect 
to a fixed Hermitian scalar product (•, •) on C n as above. 

(i) IfU = 0, then also S = 0. The converse also holds under the assumption h—n < n. 

(ii) If h—n < n/2, then II is uniquely determined by S up to unitary transformations of 
C n_n , i.e. if ti is another form, then S = [(n(-, •)>]!(•, -)^] if and only if II = Uoll 
for some U G GL(n — n) preserving (-, •). 

Proof. The first statement of (i) is trivial. By definition of the traceless component, S = 
implies (U(X, X),U(X, X)) = (X,X)H(X,X) for some Hermitian form #(■,■) and all 
X G C n . Then the second statement of (i) follows directly from ||Hu99| , Lemma 3.2]. To 
show (ii) observe that, for n and n as in the lemma, one similarly has 

(n(x, x), u(x, x)) - (fi(x, x),fi(x, x)) = (x, x) h{x, x). 

The restriction h — n < n/2 permits now to conclude from |[Hu99| , Lemma 3.2] that 
H(X,X) = 0. By polarizing the left hand side and using the symmetries, we obtain 

(5.10) (n(x, y), u(z, v)) = <n(x, y), n{z, v)), x,Y,z,ve c n , 

expressing the fact that the collections of vectors (n(X, Y)) and (n(X, K)) have 
the same scalar products. Hence they can be transformed into each other by a trans- 
formation U G GL(h — n) preserving (■,■). Any such U satisfies the required conclusion 
proving (ii). □ 

Example |TT| shows that (i) may not hold in case of equality h — n = n. Furthermore, 
the conclusion of (ii) may not hold under the weaker inequality h — n<n that was enough 
to obtain (i): 
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Example 5.4. For n := 2, n := 3, consider the standard scalar products (•, •) on C 2 and 
(•, •) on C and define II and II by their associated quadratic forms Q := 4zf + z x z 2 + 4zf 
and Q := 4zf — ziz 2 + ^z\ respectively. Then the identity 

|4z 2 + z x z 2 + Az 2 2 \ 2 - \Az\ - Zl z 2 + 4z 2 \ 2 = 8(|^i | 2 + \z 2 \ 2 )( Zl z 2 + z x z 2 ) 

implies that [(n(-, •), Il(-, •))] = [(n(-, •), Il(-, •))] . However, it is clear that the conclusion 
of (ii) does not hold for II and IT. 



The transformation U in Lemma |5.3j is clearly uniquely determined on the image of 
II. We apply Lemma [5.3| to compare second fundamental forms II = Hp and II = U p at 
a point p G M for two given embedding /, /: M — ► M. Then, if the image of II is of 
constant dimension, in which case we say that II is of constant rank, the transformation 
U can be chosen smoothly depending on p (near any given point). We then obtain, as a 



consequence of (|5.9H5.7|) and Lemma 5.3, the following result 



Corollary 5.5. Let f : M — >• M be a CR- embedding of a strictly pseudoconvex CR- 
manifold of dimension 2n + 1 into the unit sphere M = § in C n+1 . Denote by {oJ a a p) 
the second fundamental form matrix of f relative to an admissible coframe (8, 6 A ) on M 
adapted to f(M). 

(i) If uj a a /3 = 0, then M is locally CR-equivalent to the unit sphere in C™ +1 . The 
converse also holds under the assumption n — n < n. 

(ii) Ifh — n < n/2, then, for any p G M, (u) a a p)(p) is uniquely determined by (6, 8 a ) up 
to unitary transformations ofC n ~ n , i.e. for any other CR-embedding f ' : M — > M 
and any coframe (9,9 A ) on M adapted to f(M) with f*(9,9 a ) = f*(9,9 a ), one 
has uj a a p(p) = uj a a p{p) after possibly a unitary change of (9 a ) near p. Moreover, 
if (u> a a f3) is of constant rank near p, there there is such a unitary change of (9 a ) 
near p for which uj a a p = oJ a a p near p. 

6. The induced pseudoconformal connection 

Let now (9, 9 A ) be an adapted coframe for the pair (M, M) as above and let ( |3.11| ) be 
the 1-forms defining the parallelism on the bundle Y over M pulled back to M by the 
coframe (9, 9 a ) as described in §|3|. We use" for the corresponding forms on M pulled back 
further to M, where the indices run from 1 to h. Recall that (u, u a , u a ) = (Cj , Cj a , Cj a ) = 



(9 } 9 a ,9 a ) and uj a = on M. In view of Proposition [3.1| , we do not expect (0/3 a , 4> a } ip) 
and 4> a , t/>) to be equal. However, since up a = up a and r a = f a (see §|), Proposition 
|3~T| implies 

(6.1) 4> p a = <l>p a + Cp a e, 4> a = <j) a + C^ a 9^ + F a 9 } $ = i) + iF^ - iF D 9 D + A9, 
where 

C B a := D B a - D B a , F a := E a - E a , A := B - B 
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and Dp a , E a , B are the analogues for M of the functions (|3.20| ) restricted to M. 

Let us first compute C$ a using the pseudohermitian Gauss equation obtained in §|[ In 
view of ( ET20D , we have 



/g 2) n _ iR9a/3 _ ^9 'a/9 

a ~ p ~ h + 2 ~ 2{n + \){n + 2) ~ n + 2 2(n + l)(n + 2) ; 



where the pseudohermitian Ricci curvature tensors i? a a and are related by 

(6.3) R a p = RfJ 1 ^ — UJ^a ^ afi = R-a/3 ~ ^a°a/) — W A U ^ aj3l 



where we have used the contraction of (|5.3| ). The pseudohermitian scalar curvature of R 
is now obtained by further contracting (|6.3| ): 



(6.4) R = R*-R a **-w« v w*». 
Substituting (|6.3|-|6.4|) into ( |6.2| ), we obtain 

( 6 .5) ^ = !^^ + ^| + ( 1 - 1 

H n + 2 n + 2 \n + 2 n + 2/ H 



2(n + l)(n + 2) 2(n + l)(n + 2) 2(n + l)(n + 2) ' 

We next express the contractions of the (tangential) pseudohermitian tensor of M appear- 
ing here in terms of its (tangential) pseudoconformal curvature tensor and the (pseudo- 
hermitian) Ricci and scalar curvature. For this, we contract the analogue of ( 3.16|) (using 
the analogue of (|3.17| )) for M over a — n+ 1, . . . , h, and restrict as before to the situation 
where g A g = 5 A a (so that, in particular, g aPi = 0): 



(6.6) Ra a a B — S a a a B + 



Ra a 9ap + (n- n)R a p _ (n-n)Rg a p 
^~ Da ^ + n + 2 (n + l)(n + 2)" 



Contracting again for \x = 1, . . . , n, we further obtain 

nR a a + (n — n)R l J t n(n — n)R 



(6.7) i4 a /-V/+ h + 2 {fl+m + 2 y 

After substituting (|6.(j|-|6~7j) in ( |6.5| ) and simplifying, we obtain 

{b * ] °^ " n~+~2 2(n+l)(n + 2) ' 

Thus the coefficients C a p are completely determined by the second fundamental form uo a a p 
and the tangential pseudoconformal curvature tensor S A §cD °f M pulled back to M. 
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Let us proceed to determine the F a . We compute d<p a modulo 9 by differentiating the 
second equation in (|6.1|) and using the sixth structure equation in (|3.12| ) pulled back to 
M and ( EUoD : 

(6.9) d0 a = ^ A 0/ — -tp A9 a + § a + {dC v a - CfwS) A 9 V + iF a g^9» A 9 P mod 9. 

On the other hand, by substituting ( |6Tl| ) into the structure equation for d(f) a and using 
Proposition |3.1| and (|4.3| ) to replace (f) a A <f) a a by D ll a 9' J ' A u; a a mod we obtain 



(6.10) dft* = <p A 0/ + A + A cu a Q 



-(^ A 6* a + iF M 0" A 9 a - iF D 9 u A # Q ) + $° mod 



and hence, using the covariant derivative (see §|3|), 
(6.11) $° + VC/ Af + iF a g^9» A 9 P = D u a 9 u A cj a ° 



- (iF^ A9 a + iF p 9 a A 9 D ) + l> a mod 9. 



Identifying coefficients in front of 9^ A 9 U and using ( |3.13| ) we obtain: 



(6.12) 

or, equivalently, 



iF a g^ - -iF B V 



p - - V a - 



r*i a 



(6.13) 



a 7 
ft 



Co 7 
A* ; • 



Recall that we have the symmetry relation a a by (|4.3|) which implies uo a 

in view of (O). We also have the symmetries V' 



0J, 



fa 



a 7 



and 



V a , 



see 



FM71 

(A. 14)]). By subtracting ( |6.13| ) from the same equation with 7 and a interchanged, we 
then obtain 



(6.14) 



which, after setting 7 = // and summing implies 

71 — 1 



(6.15) 



Thus, for n > 2, the coefficients F a (with respect to a fixed admissible coframe (9,9 a )) 
are completely determined by the covariant derivatives of C a ^ (given in terms of the 
uniquely defined forms toj 3 ) and hence, in view of (|6.8|), by LO a a p and S A bcd- ft now 
follows from the first two equations in (|6.1| ) that the pulled back forms (pj 3 and (f) a to M 
are completely determined in terms of the fixed data of M and the pulled back tangential 
pseudoconformal curvature tensor M. 
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Next, we repeat the procedure above to ip. By differentiating the third equation in 
( |6.1|) and using the last equation of (|3.12|) and its analogue for M pulled back to M, we 
obtain 

(6. 16) 2z0" A M + 2i(f) a A <f) a + if = 2i<jf A M + * + d{iF^ - iF D 9 p + A9) 
and using again ( |6.1| ), 

(6.17) 2t(-c^ ( j) 1 a r + c P7 7 a # p ) + 2i(c;'c Dl + b^ a b Da )6» a^ + I- 

= ^ + iVF M A 0" - iDF D A 9 P + lAg^O" A fl p mod 9. 
By identifying the coefficients in front of 9^ A 9 U , using ( p,13|) and (|3.19|) , we obtain 

(6.18) 2i(C^D Pj + Cp^DfP) + 2%{C^C V1 + b«b- va ) - 2iP^ 

2iP(u? iF(j,;v iFu;fi iAg^p. 

By contracting, we obtain 

(6.19) nA = {F^ + F%) - 2P/ + 2(C/C% + + C"* 7 D/ + 

where we have used the trace condition = 0. 

The coefficients D ,x 1 are given by ( |3.20| ) and hence are determined by the coframe 
(9,9 a ). Suppose now in addition that the second fundamental form (u a a p) is nondegen- 
erate in the sense that the collection of vectors b a p := {uj a n+1 p, . . . ,u) a n /3) spans C n_n . 
Then u a a /3 = uj aa p = —oJaap = —Ua a p in view of (|4.1|) and hence we can solve for the 
coefficients _D M a in (|6.12|) . Using equation ( |6.19|) , we can then determine A. Hence, all 
the pulled back forms in ( |6.1|) , as well as the forms 0^ = — (j>ap, ( see the analogue of 
( |3.19| ) for M), are uniquely determined by the second fundamental form and the pulled 
back pseudoconformal curvature of M. Now, if the manifold M is the sphere, its pseudo- 
conformal curvature vanishes identically (see ||CM74j| ) and the forms above are uniquely 
determined by the second fundamental form. We shall show that, when M is the sphere, 
all the pulled back forms (pA 3 ,^,^ on M are determined by the second fundamental 
form. It remains to determine <ftb a and <f) a in this case. The choice of the 1-forms <f)b a on 
M is always determined up to 

(6.20) 4> b a = 4> b a + n b %9~< + m b a ^ + Pb a 9, 
where, since <pba = — 4>ab, we must have the symmetries 

(6.21) n bay + = pba + Pah = 

in view of the first equation in ( 3.12j ). By the analogue of Proposition |3.1| for M and (O), 
we have 

(6.22) a = Dp a 9 p + E a 9, 
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where we have used the vanishing of 9 a on M. Since Dp a has already been determined, 
4> a is determined up to 

(6.23) a = a + G a 9 

for some G a . Since every possible choice of <pb a and (j) a must satisfy the structure equation 
( |3.12|) for d<fr(3 a , we conclude, by subtracting two such possibilities from each other and 



using the analogue of Q3.19Q for M, fl4.3|) and the vanishing of for the sphere, that 



(6.24) = (u/3 b a e a + b p b B) A (0 fc a - fc a ) + igpp,G a 9 fi A 9. 



By substituting ( |6.20| ) in ( |6.24| ), we first conclude, using the nondegeneracy of w a a p, that 



m b a p = and, hence, by ( |6.21|) that nb a 7 = 0. Now, it easily follows from whatever is left 



in ( |6.24j ) that pb a = G a = 0. This completes the proof of the following result. 



Theorem 6.1. Let f: M — > M be a CR- embedding of a strictly pseudoconvex CR- 
manifold M of dimension 2n + l, n > 2, into the unit sphere M = § in C n+1 . Denote by 
i^a a /3) the second fundamental form of f relative to some coframe (8, 9 A ) on M adapted 
to f(M). If (uj a a /3) is nondegenerate, then it uniquely determines {4>b A -,4> A -,^P)- That is, 
if there is another CR-embeddings f : M M having the same second fundamental form 
{uj a a p) relative to some coframe (0, 9 A ) on M adapted to f(M) with f*(9, 9 a ) = f*(9, 9 a ), 
then necessarily 

(6.25) r{l B A ,l A ^) = r(0 B A ,<^), 

where (4>b A , 4> A i "0) and (4>b A ,4> A i'4 ) ) are the corresponding parts of parallellisms pulled 
back to M. 

7. Finitely nondegenerate mappings 



In Theorem |6.1| above, we assumed that the second fundamental form of the embedding 
is nondegenerate or, equivalently, that the embedding is 2-nondegenerate. This condition 
can be relaxed to merely requiring that the embedding is finitely nondegenerate, i.e. k- 
nondegenerate for some k. To do this, we first interpret fc-nondegeneracy of the embedding 
as a condition on the second fundamental form that we view as a section in the vector 
bundle of C-bilinear maps 

T^°M x Tl'°M -> T^M/T^M, p e M. 

For sections of this bundle we have the covariant differential induced by the pseudoher- 
mitian connections V and V on M and M respectively: 

(7. 1) Vuj^fs = du a a p - u^p Cjo? + u a b /3 uj b a - t2>/, 
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As above, we also use e.g. uo a a p- a to denote its component in the direction 6 J . Higher 
order covariant derivatives w a a /9 ;7l( ..., 7l are defined inductively in a similar way: 



^71 72;73— 7i-i /"7I+1- 7i ^Ti^' 



(7.2) V^ 71 7 2 ; 7 3...7j G?Co> 7l 7 2 ;73...7j +^71 72;73---7j ^& ^ ^ 1 

To obtain the desired relation between finite nondegeneracy and covariant derivatives 
of u> a a /3, we begin by applying L 7 to (|4.6| ) and using the analogue of ( |3.6|) for M: 

(7.3) LjL a Lp(pzi of) = Ljjdiuiaape*) = L^j{du a a(3 A a - w aS/3 A # 6 ) mod 0, a . 

We now observe that the expression in the brackets on the right hand side coincides with 
VcUaa/j A 6 a modulo E 2 (as defined in §|2|) which is spanned by the conjugated forms 
Hence we obtain 

and, by induction, 



L^LaL^pz' ° /) = uj aaf 3;-y 9 a mod E 2 



L 7l . . . L lx L a Lp{p Z i o f) — Waap-rn.,-»m ^° m °d ^+1 
for any integer I > 1, where -E^+i is as defined in §|2] and is spanned by 

(7.4) e,e~ a ,u a a Pm ,..., ls f\ o< s </-i. 

Hence, we obtain the following generalization of the equivalence of 2-nondegeneracy with 
nondegeneracy of the second fundamental form: 

Proposition 7.1. For k > 2, the embedding f: M — > M is ko-nondegenerate at a point 
p if and only if the equality 

(7.5) span{co> 7l a 72;73i _ i7; L a , 2<l<k}{p)= N m M 

holds for k > k but not for k < k . Furthermore, f is (k , So)-nondegenerate at p if 
and only if the codimension of the span on the left hand side in ( [7.51) in the normal space 
Nf( p }M is equal to sq for k > ko and strictly smaller for k < ko. 

We shall now prove the following alternative to Theorem |6.1| . (The reader should note 
that Theorem T72 is more general than Theorem [TT] in that it allows for a higher degree k 
of nondegeneracy, but is a little weaker than Theorem |6.1| in the special case k = 2, i.e. in 
the case of nondegenerate second fundamental form, since the theorem below requires also 
the covariant derivatives w a a /3- n to determine the induced pseudoconformal connection.) 

Theorem 7.2. Let f: M — > M be a k -nondegenerate CR-embedding of a strictly pseudo- 
convex CR-manifold M of dimension 2n + 1, n > 2, into the unit sphere M = § in C n+1 . 
Denote by (uJa a /3) the second fundamental form of f relative to some coframe (9,9 A ) on M 
adapted to f(M). Then the covariant derivatives (^ , a a /3;7i...,7 J )o<i<fc-i uniquely determine 
(4>b A , 4> A , ty)- That is, if f : M — > M is another CR-embedding whose second fundamental 
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form with respect to a coframe (8, 6 A ) on M adapted to f(M) with f* 
is denoted by oj a a /3 then 

(7.6) Ua p-fti....^ = ^Q a /3; 7 i... 7 ,-, < j < k - 1, 



r(o,o c 



implies f*(4> B A ,4> A ,^) = f* 



>B 



Proof. Let us for brevity use the notation 4> A , ip) and (^' 4 ,^,i/i) also for the 

pullbacks to M. If we examine the arguments above leading to Theorem |6.1| , we see 
that the nondegeneracy of the second fundamental form has not been used to obtain 

{4>p a , 4> a ) = (0/3°, 4> a )- To compare the normal components and 4> a we write as before 
the general relation between them in the form ( |6.20| - |672l| ). In view of ( f7.2|) , the analogues 
of ( |3.19| ) for M and the fact that Cjp a = ujff 1 (see §f|), the equations ( |7.6| ) imply that 

(7.7) w 71 fe 72;73 ... 7j n b a 7 = 0, 2 < j < k. 

Since we assume / to be /c-nondegenerate, we conclude from Proposition |7j] that n^^ = 
and hence, by ( |6.21|) , also mj"^ = 0. It follows that 



(71 



"' mod 9 and therefore 



L a 
J a i 



which, in turn, implies ujb a 

(7.9) u a a p„ 
By the analogue of (|CT| ) for M and (|Q1), 

(7.10) u a a p 6 p + b a a 6 

and similarly for <p a a . We claim that D a a = D a a . To see this, we differentiate ( |7.10| ), use 
the fourth identity in ( 3.1 2|) for d(j) a a and identify the coefficients of 9 13 AO*': 

(7.11) w a a p„ = i(g a ^Dp a + g^D a a ), 
whose contraction yields 

(7.12) w M V = i(n + l)^ B . 

Thus, D a a is uniquely determined by uj a a p^ proving the claim in view of ( |7.9| ). Then 

0« a = 4>a a by (|7.10| ) and the analogue of ( |3.19|) for M implies in view of ( |4.3|) that a 
and (j) a are related by ( 6.23 ) with suitable G a . Moreover, it follows from equation ( 6.11i ) 

that A = A and hence t/j = ■0. 

To finish the proof, we must show that p a b = G a = 0. For this, we rewrite ( |6.24| ) 

(7. 13) = u a b p p b a 6 a A6 + ig^G a 6 D A 6 

from which it follows that G a = (and u) a a pp a b = 0, which does not necessarily imply 
p b = unless the second fundamental form is nondegenerate). Hence <p a = <p a . To 
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conclude that p a b = 0, we differentiate the equation ( |7.8|) , use the structure equations for 

(p a b and (p a b and identify the coefficient in front of 9 a A 9 13 that yields ig a pp a b = and 
hence clearly implies p b = 0. The proof of Theorem [7| is complete. □ 



Theorem [72] implies that the induced pseudoconformal connection is determined by the 
second fundamental form and its covariant derivatives with respect to this connection. We 
shall now prove these covariant derivatives, in turn, are controlled by the (pseudoconfor- 
mal) Gauss equation. The result is the following. 

Theorem 7.3. Let f : M — ► M be a CR-embedding of a strictly pseudoconvex CR mani- 
fold of dimension 2n + 1 into the unit sphere M = § in C n+1 with n — n < n/2. Denote 
by {uj a a p) the second fundamental form of f relative to a coframe (9, 9 A ) on M adapted 
to f(M) and by 0J a a fa lu .„ ai its covariant derivatives (with respect to the pseudohermitian 
structures on M and M) . Fix an integer k > 2 such that the space E k = Ek{p) (spanned by 
( |7.4| )) is of constant dimension for p G M. Then the collection of derivatives ^7i a 7 2 ;7 3 ,...,7 i 
for 2 < I < k is uniquely determined by (9, 9 a ) up to unitary transformations of C n ~ n , 
i.e. for any other CR-embedding f ' : M — > M and any coframe (9,9 A ) on M adapted to 
f(M) with f*(9,9 a ) = f*(9,9 a ), one has 

(7.14) Ct> 7l 72j7 3 ,...,7j = ^71 72;73>— ,7P 2 < I < k, 

after a possible unitary change of (9 a ) (near any given point). 



Proof. As in the proof of Lemma [O] and Corollary |5.5| , it is sufficient to prove that the 
collections of vectors 



(7.15) (t^ 7l 7 2 ;73,...,7 i -^a) 2<Kfc Slid (^> 7l 7 2 ;73,---,7i-^a) 



2<Kfe 



have the same scalar products with respect to (g ao ) (where (T, L a) and (T, La) are dual 
frames to (9,9 A ) and (9,9 A ) respectively), i.e. that 

(7-16) g a l ^7i a 72;73,-,7i ^i b <5 2 ;53,-A = 9ab l2 ]-13,-,li &h S 2 ;S 3 ,-,S S J 2 < I, S < k, 

(the constant dimension assumption on E k is needed to guarantee that that the unitary 
change of (9 a ) can be made smooth; otherwise a nonsmooth change is still possible). For 
this, we observe that S a p^ = since M is the unit sphere and rewrite the pseudoconformal 
Gauss equation ( |5.7p in this case as 



(7-17) = S a 0^ 9 + g a iuj a a ^ Up p + T a 0^ D , 

where is a tensor conformally equivalent to (see §|3|), i.e. a linear combination of 

9 a p, 9au, g^p and g^. More generally, we call a tensor T ai t ... i<Xr> p u ..J s ai "' atll '" lq (and similar 
tensors with different order of indices) conformally equivalent to or conformally flat if 
it is a linear combination of g a .p. for i = 1, . . . , r, j = 1, . . . , s. 
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We will show ( 7.16|) inductively by comparing covariant derivatives of the right hand side 



in ( [7.171) and in its analogue for (9 } 9 a ). When calculating the derivatives, the following 



two remarks with be of importance. First, since we have assumed the Levi form matrix 
(fla/?) to be constant, it is easy to see that covariant derivatives of conformally flat tensors 



(with respect to any connection) are always conformally flat. Second, in view of (|7. 1 1 
the "mixed" derivatives u a a ^?y are conformally flat together with all their higher order 
derivatives. Finally, in order to treat e.g. derivatives u a a p. 7 g we shall need the following 
lemma, which describes how covariant derivatives commute. 

Lemma 7.4. In the setting of Theorem |7.3j , for any s > 2, we have a relation 

f7iQ\ , , a _ a - = C -Ml— Ms , , a 4- T - a 

\'- LO ) ^71 72;73---7sQ/9 71 72!73— 7sj3a ^y 1 ...'y s aB u >i Ai2;M3— Ms ' 1 7i • ■ -7 's&0 ' 



where the tensor C 7l 7sa/ 3 Ml '' /l3 depends only on {0,8 a ) (and not on the embedding f) and 
T „, lsa p a is conformally flat. 



Proof. By observing that the left hand side of the identity (|7.18| ) is a tensor, it is enough to 



show, for each fixed point p G M, the identity at p with respect to any particular choice 
of (9, 9 ) depending smoothly on p. By making a suitable unitary change of coframe 
9 a — > Uff'Qt 3 and 9 a — > Ub a 9 b (in the tangential and normal directions respectively), we 
may chose a coframe smoothly depending on p with Cjc/{p) = Cj a h (p) = 0. Relative to such 
a coframe, the left hand side of ( |7.18| ) evaluated at p equals, in view of (|?T2| ) and (|3.19|) , 
modulo a conformally flat tensor, to the coefficient in front of 9 a A 9^ in the expression 

s 

(7.19) ^ v ^7l 72173— 7j-i M7j+i7s ~~ ^71 72;73---7« 1 

where we have used that = u Q ' 3 (see §^). Next, we observe, by examining the 
equations ( |6.1| ) and ( |6.8| ), that the coefficients in front of 9 a and 9 13 in the pulled back 
forms (p are uniquely determined by (9,9 a ) and the scalar products g a i u a a ^ U0 b p. The 
latter are, in turn, uniquely determined by (9, 9 a ) in view of Lemma |5.3| (ii) (applied to 
( |7.17[ )). We then compute d(j)b a using the structure equation and the vanishing of 9 a on 
M and of (ftp 01 and <ftb a at p modulo 9: 

(7.20) dj) b a = ^ A ^ a - i5 h a ^ A 9" mod 9. 



In view of ( |4.1| - 14.3| ) and (|3.19|) , the first term on the right hand side does not contribute 



to the the coefficient in front of 9 a A 9@. Hence we conclude that the coefficient in front 
of 9 a A 9^ in ( |7.19p , at p, is of the required form. This completes the proof of Lemma 



7.4. □ 



We now return to the proof of Theorem [O] and show the required indentities ( [7.16Q by 
induction on the number of indices / + s. The case / + s = 4 (i.e. I = s = 2) follows from 
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Lemma |5.3| (ii) applied to ( 7.17) ). Since we have chosen coframes for which the Levi form 
g A B is constant, we have 



VsUb = dg A g ~ 9c b ~ 9 ad = ~{^ab + ^ba) = 0. 



In order to show ( [7.1 6|) for any 2 < I, s < k with l+s > 2 we covariantly differentiate ( 7.171) 



for a — 71, n — 72, /3 — 8\, v = 5 2 with respect to the indices 73, . . . , 7; and 5%, . . . ,6 S 
consequently We obtain that the left hand side in (|7.16| ) is uniquely determined by the 
covariant derivatives of S^^p modulo a conformally flat tensor and modulo other scalar 
product terms involving either derivatives of ^ 7l a 72 with respect to indices one of which 
is Sj or derivatives of ujg t b g 2 with respect to indices one of which is 7,. If such an index 
appears at the beginning, the corresponding scalar product is conformally flat in view 
of ( pMl| ). Otherwise, by interchanging indices and applying Lemma [7.4| , we see that 



the scalar product term is equal, again modulo a conformally flat tensor, to a sum of 
scalar products of the expressions on the right hand side of (|7.18| ) and its derivatives. 
These scalar products are linear combinations of the expressions on the left hand side 
in (|7.16|) with a smaller number of indices I + k. Hence, by the induction, they are 
uniquely determined by (8,8 a ). Summarizing, we obtain the equality in ( [7.1 6| ) modulo a 
conformally flat tensor JL „~ [ s 1 ... s s - The proof of Theorem [T73] is completed by applying 
Hu99| , Lemma 3.2] as in the proof of Lemma |5l| to conclude that ZL ...^^ ... g s =0. □ 



Adapted Q-frames and proof of Theorem 2.1 in case s = 



We embed C n+1 in projective space P n+1 in the usual way, i.e. as the set {(° 7^ 0} in the 
homogeneous coordinates [(° : C 1 : • • • : C™ +1 ]) an d, following ||CM74| , §1], realize the unit 



sphere as the quadric Q given in P n+1 by the equation (C, C) = 0, where the Hermitian 
scalar product (■, ■) is defined by 



5-1) (C,r) := 5 A§ C A r B + % -(C +1 r° - CV t+1 )- 

Recall here the index convention from previous sections: capital Latin indices run from 1 
to h. A Q-frame (see e.g. ||CM74j| ) is a unimodular basis (Z , Zi, . . . , Z^ + i) of C n+2 (i.e. 



det(Z , . . . , Zn + i) = 1) such that Z Q and Zn + i, as points in P n+1 , are on Q, the vectors {Z A ) 
form an orthonormal basis (relative to the inner product (|8.1|) ) for the complex tangent 
space to S at Z and Z^ +1 and (Z fi+1 ,Z ) = i/2. (We shall denote the corresponding 
points in P n+1 also by Zq and Zn + \\ it should be clear from the context whether the point 
is in C n+2 or P n+1 .) Equivalently, a Q-frame is any unimodular basis satisfying 

\Z a-i Za) = 1, (Zn+i, Z ) = —(Z , Zft + i) = i/2, 

while all other scalar products are zero. 

On the space B of all Q-frames there is a natural free transitive action of the group 
S(J(h + 1, 1) of unimodular (n + 2) x (n + 2) matrices that preserve the inner product 
flS.l|) . Hence, any fixed S'-frame defines an isomorphism between B and SU(n + 1, 1). On 
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the space B, there are Maurer-Cartan forms ir\ n , where capital Greek indices run from 
to h + 1, defined by 

(8.2) dZ A = n A n Z n 

and satisfying dn^ 1 = tt/J' A 7Cy Q . Here the natural C n+2 -valued 1-forms dZ A on B are 
defined as differentials of the map (Z , . . . , Z n+2 ) >— > Z\. 

Recall ||CM74j , |W79|| that a smoothly varying Q-frame (Z\) = (Z\(p)) for p e Q is said 
to be adapted to Q if ^o(p) = P as points of P n+1 . It is shown in ||CM74| , §5] that, if we 
use an adapted Q-frame to pull back the 1-forms n\ n from B to Q and set 

(8.3) 6:= l -it h+ \ 9 a :=tt a , £:=-7r °+^, 

we obtain a coframe (9, 9 A ) on Q and a form £ satisfying the structure equation 

de = i5 AB e A a e s + e a t 

In particular, it follows from ( |B.3|) that the coframe (9 a ,29) is dual to the frame defined 



by (Za, Zn+) on M and hence depends only on the values of (Za) at the same points. 
Furthermore, there exists a unique section M — > Y for which the pullbacks of the forms 
(u, tu a , <p) in (|3.11|) are (9, 9 a ,£) respectively. Then the pulled back forms (4>b A , (j> A , V>) are 
given by ||CM74j , (5.8b)] 

(8.4) ^B A = TT B A -6 B A 7r °, ^ = 27r n+ i A , ^ = -4tt? +1 . 

As in ||CM74j , (5.30)], the pulled back forms 7Ta° can be uniquely solved from (|8.3|-|8.4j): 
(n + 2)vr = -0 C C - £, n A = 9 A , n h+1 = 29, 

(8.5) ir A ° = -ii A , n A B = A B + 5 A B 7c o °, n A fl+1 = 2i9 A , 
47T h+1 ° = 2vr n+1 A = A , (n + 2)vr rm fl+1 = 5 5 + £. 

Thus, the pullback of tta q is completely determined by the pullbacks (9, 9 A , £, (pB A , <fi A , 

In an adapted Q-frame (Za), the vector Z giving the reference point is determined 
up to a factor t G C and a change (Zq, Z A , Z^ + i) t— > (tZ , Z A , results in the 

change i-> |t| 2 # (see ||UM74| , (5.10)]). Following ||UM74|| , denote by H x the subgroup of 
SU(n + 1, 1) fixing the point Zq in P n+1 and the length of Zq in C n+2 . Then, there is 
a surjective homomorphism Hi — > G\, explicitly described in | CM74j , (5.12)], onto the 
group G\ acting transitively on the coframes (to, uj a , uj a , (p) (on the bundle E where cu is 
fixed) such that the relations (|8.5| ) are preserved. We conclude, in particular, that for any 
choice of an admissible coframe (9,9 A ) on Q (as defined in §D), there exists an adapted 
Q-frame (Za) such that fl8.5|) holds with £ = 0. 



Proof of Theorem [2.1| in case s = 0. Let /, /: M — > 8 be two CR-embeddings as in The- 
orem [L^ and let p G M be a point where M is fco-nondegenerate. Then the space Ef- (q) 
defined by (|2.1| ) is of maximal and hence constant dimension for q e M near p. Choose 



RIGIDITY OF CR-IMMERSIONS 



29 



any admissible coframe (9, 9 a ) on M near p (in the terminology of §|3|). Then Corollary [O] 

applied to / and / yields admissible coframes (9, 9 A ) and (6, 9 A ) on § near /(p) and f(p) 
respectively that are both adapted to (9, 9 a ) as defined after Corollary |4.2| . Hence, by 

Theorem [7.3| , there exists a further unitary change of the coframe (9, 9 A ) near f(p) such 
that one has the equality (|7. 14j ) for the covariant derivatives up to order fc — 2 of the 



second fundamental forms of / and /. Now Theorem |7.2| can be applied to conclude that 

the connection forms (0^, A , ■?/>) and {4>b A , <\> A , ip) coincide when pulled back via / and 
/ respectively. 

As described above we realize the sphere § as the quadric Q and construct two adapted 
Q-frames and (Za) on Q near /(p) and f(p) respectively such that the relations (|8.5|) 
and their analogues for / hold. We conclude that also the corresponding Maurer-Cartan 
forms {tta Q ) an d (tta^) coincide when pulled back to M via / and / respectively. 

The end of the proof follows the line of [|W78| , Lemma (1.1)]. Since the group SU(n+l, 1) 
acts transitively on the space of all Q-frames, we can compose / with such a transformation 
to obtain Z\(f(p)) = Z\(f(p)). Now the relation f*n'A n = f*^A n implies that, along any 
sufficiently small real curve in M, starting fromp, both Q-frames Z^(f(q)) and Z^(f(q)) 
satisfy the same first order ODE with the same initial values at p. Hence we must have 
Z\(f(q)) = Z\(f(q)) for q G M near p and therefore f(q) = f(q) since Z (f(q)) and 
Z (f(q)) give, as points in P n+1 , exactly the reference points by the definition of the 
adapted frames. Finally, the global coincidence / = / follows from the local one by the 
well known facts that any CR-manifold of hypersurface type that is embeddable into a 
sphere is automatically minimal and that that two CR-functions on a minimal connected 
CR-manifold coincide if and only if they coincide in a nonempty open subset. □ 



9. Degenerate CR-immersions and Proofs of Theorems 2.2 and 2.1 



This section is devoted to the proof of Theorem |2.2j , where we assume that the CR- 
immersion / : M — > S has degeneracy s > 1 . 

Proof of Theorem |2.2| . As in the proof of Theorem |2.1| in case s = 0, we choose an ad- 
missible coframe (9, 9 A ) on Q near f(po), adapted to f(M), where p G M is now chosen 
such that the integer s(p ) defined in (|2.2|) coincides with the degeneracy of / (which is 
the minimum of s(p) for all p G M). As before, denote by (uj a a /3) the second fundamental 
form of / relative to this coframe. Since the mapping / is constantly (k , so)-degenerate 



near po, by Proposition pM| , the dimension of the span in (|7.5| ) for k = ko is constant and 
equals to d := n — n — sq for p near po- For the remainder of this proof, we shall use the 
indices *, # running over the set n + 1, . . . , n + d (possibly empty) and the indices i, j 
running over n + d + 1, . . . , n. Then after a unitary change of the (9 a ) if necessary, we 
may assume that 

(9.1) span{u; 7l ^ 2 \iz,---m^#-> 2 < ^ < &o} — s P an {-^#}> i2\iz--m 

= 0, I > 2. 
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We remark at this point that, if we can prove that the image f(M) lies in a (n + 1 — s)- 
dimensional plane P, then clearly the mapping / : M — > 8 PI P is fc - non degenerate since 
the normal space of M inside SnP would be S C d . We can write 

(9.2) cV = <V>" + % j ^ 5 + w # V 

for suitable coefficients and u>#V m view of the definition of the covariant 

derivatives (|7.1|- |7.2| ), (p.lj) immediately implies 

(9.3) ^7l # 72;73,...,7^#^ = 

for any I > 2, and hence, 

(9.4) = 0. 
Furthermore, in view of ( |3.19| ) and (|4.3|) , ( |9.1| ) implies 

(9.5) 0j = Dje, ft = bje 11 + E j e 

and 

(9.6) $ a * = u a *^ + D a *e, # = b*e^ + 

Differentiating 0Q,- 7 and using the structure equations and the vanishing of the pseudocon- 
formal curvature of S, we obtain 

(9.7) uj*^ A y = t(g aP D^ + g^bj)e» A 9 D mod 9. 

By using (R7TS) and ( |9.2D to compute and identifying the coefficients of 9^ A 9 U , we 
conclude that 

(9.8) w a *^ # 3 i; = i(g a p£>^ + g^pbj). 

Since the right hand side is conformally flat (see §[7[), # runs over n + 1, . . . , n + d, and 
d = n — n — s < n by the assumptions of Theorem |2T2j , it follows from [Hu99 , Lemma 3.2] 
(cf. e.g. the proof of Lemma 5.3 ) that 

(9.9) oo a *^# ] u = 
and, consequently, Dj = 0. Thus, we have 

(9.10) a j = O, <f> j = E j 6. 

Substituting this information back into the structure equation for d(f>J , using d(j>J = 0, 
(|9.2|), ( p.5| ) and ( |3.19| ), and this time identifying terms involving 9^ A 9, we conclude that 

(9.11) w ft # ,(w# 3 o + D# j ) = 0. 
We claim that = 0. To prove this it suffices to show 

(9-12) W 7l # 72;73i ... j7i cVp = ^71 # 72;73,-,7i(<Vo + D # J ) =0, I > 2. 
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We next differentiate (|9.2|) (with = by (|9.4Q ), use ( |3.19|) and the structure equation 



to compute dcj)^ modulo 9 and identify the coefficients in front of 9^ A 9 V to conclude 
that the covariant derivative Cj^? P;7 is conformally flat. Here the covariant derivative is 
understood with respect to the induced pseudohermitian connection on the corresponding 
subspaces and quotient spaces, where the indices are running. Hence, all higher order 
covariant derivatives ^# J p ;7l ,..., 7m are also conformally flat (see §|7]). By taking covariant 
derivatives of ( |9.9D we obtain that the first expression in fl9.12| ) is conformally flat. As 
before we conclude that it is actually zero by flHll99| , Lemma 3.2] since d < n. Similarly we 



obtain conformal flatness of the covariant derivative ti^o-^ by identifying the coefficients in 
front of 9^ A9 in the same identity. Again, all higher order derivatives are also conformally 
flat and we obtain the vanishing of the second expression in (|9.12| ) by taking covariant 



derivatives of (|9.11| ) and using [Hu99| , Lemma 3.2]. This proves (|9.12|) and hence the claim 
^ = in view of (|9.1|). Finally, substituting this information back into the structure 



equation for d(f>J = and using ( |9.10|) , we conclude that J = 0. 



Now, we are in a position to complete the proof of Theorem We have shown that 
§J — 0# J — J — 0. As in §||we realize the sphere § as the quadric Q in P n+1 and choose 
an adapted Q-frame (Z\) on Q = §> near f{p). We can further choose [Z^) satisfying 
( |3.5|) with £ = for our given admissible coframe (9, 9 A ) as described in §|8|. It follows 
then from the second row in flS.5| ) and the symmetry relation (f) A § = —4>ba t na t 7ij U = 
for all Q except possibly Q G {n + d + 1, . . . , h}. Thus, we have 

(9.13) dZ i = 7i i : 'Zj, i, j G {n + d + 1, . . . , h}, 

expressing the property that derivatives of the vectors Zi are linear combinations of Zj at 
every point. It follows that the span of Zj = Zj(p) must be constant in the Grassmanian 
of C n+2 for p G M near p . Hence the vectors Z (p) lie in the constant (n + 2 — s)- 
dimensional orthogonal subspace (with respect to the inner product (|8.1|) ). Since, by 
definition of the adapted Q-frame, Z (p) gives the reference point p in P n+1 , we conclude 
that f(p) is contained in a fixed (n + 1 — s)-dimensional plane P in C n+1 for p G M 
near po- The minimality of M implies now the inclusion f(p) G P for all p G P by the 
uniqueness of CR-functions. The last statement follows directly from the definitions. The 
proof of Theorem |2.2j is complete. □ 



Proof of Theorem [2.1| in general case. Let / : M — > S be as in the theorem and denote by 
s its degeneracy. By Theorem |27^, / can be seen as a fco-nondegenerate CR- immersion near 
some point of M into a smaller sphere S' C <C n + k ^ s+1 . The degeneracy of the immersion 
obtained of M into §' is now 0. The required conclusion follows now from the case s = 
considered in §|8|. □ 
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